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VOJTA’S CONJECTURE FOR SINGULAR VARIETIES
TAKEHIKO YASUDA
Abstract. We formulate a generalization of Vojta’s conjecture in terms of log pairs
and variants of multiplier ideals. In this generalization, a variety is allowed to have
singularities. It turns out that the generalized conjecture for a log pair is equivalent
to the original conjecture applied to a log resolution of the pair. A special case of the
generalized conjecture can be interpreted as representing a general phenomenon that
there tend to exist more rational points near singular points than near smooth points.
The same phenomenon is also observed in relation between greatest common divisors
of integer pairs satisfying an algebraic equation and plane curve singularities, which is
discussed in Appendix. As an application of the generalization of Vojta’s conjecture,
we also derive a generalization of a geometric conjecture of Lang concering varieties
of general type to singular varieties and log pairs.
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1. Introduction
Vojta’s famous conjecture in the Diophantine geometry was originally stated for a
smooth variety X and a simple normal crossing divisor D of it. In a recent paper
[Voj12], he generalized it to an arbitrary proper closed subscheme D ⊂ X . The aim of
the present paper is to generalize it further by allowing X to have mild singularities.
Our formulation is made in terms of log pairs and their singularities, which are basic
notions in the birational geometry, in particular, in the minimal model program. We
then show that the generalized conjecture is in fact equivalent to the original one in a
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similar way as Vojta did in the cited paper. We hope that our formulation will encourage
interaction between the Diophantine geometry and the minimal model program.
Let X be a smooth variety over a number field k and D a simple normal crossing
divisor of it. The original conjecture of Vojta concerns the inequality
(1.1) hKX (x)−mD(x) ≤ ǫhA(x) + dk(x) +O(1).
See Sections 4 and 5 for details. Recently he generalized the conjecture to an aribitrary
proper closed subscheme D ⊂ X . Let I ⊂ OX the multiplier ideal sheaf of (X, (1−ǫ)D)
for sufficiently small ǫ > 0, which was denoted by J − in [Voj12]. According to Silverman
[Sil87], we can define proximity functions mW and counting functions NW of closed
subschemes W ⊂ X and similarly ones of ideal sheaves. In [Voj12], Vojta generalized
the conjecture by changing the left hand side of (1.1) to
hKX(x)−mD(x)−mI(x),
introducing the correction term −mI(x).
In this paper, we further generalize it, allowing the variety X to have (not necessarily
normal) Q-Gorenstein singularities and D to be Q≥0-linear combination of closed sub-
schemes. We can similarly define the ideal sheaf I also in this case and define another
ideal sheaf H, which is again a variant of the multiplier ideal. We change the left hand
side of the inequality to
(1.2) hKX (x) + hD(x)−NH(x)−mI(x).
If X is smooth, then we have mD ≤ hD − NH and our inequality is slightly stronger
than the one of Vojta. However it turns out that Vojta’s and our generalizations are
eventually equivalent to the original conjecture. The first two terms hKX + hD of (1.2)
is then interpreted as the height function of the “canonical divisor” K(X,D) = KX +D
of the log pair (X,D), and the last two terms −NH(x) − mI(x) as contribution of
singularities of (X,D). In the special case where D = 0 and X has only log terminal
singularities, then (1.2) is written as
hKX (x)−NNonC(X)(x),
where NonC(X) is the non-canonical locus of X . As an example showing the necessity
of the correction term −NNonC(X)(x), we construct a “rational surface of general type”
having only quotient singularities (Section 7).
From our generalization of Vojta’s conjecture, we derive the following geometric
conjecture:
Conjecture 1.1 (See Corollary 6.5 for a more general version). Let X be a Q-Gorenstein
variety with a canonical divisor KX big. Then there exists a proper closed subset Z ⊂ X
such that for every potentially dense closed subvariety Y ⊂ X, either Y is contained in
Z or Y intersects NonC(X).
If X is smooth, then NonC(X) is empty. The last conjecture in this case was raised
by Lang [Lan91].
As a height function hD(x) as well as counting and proximity functions represents a
closeness to D, we may regard our generalization of Vojta’s conjecture as a representa-
tion of a phenomenon that there tend to be more rational points near singular points
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than near smooth points. As another representation of the same phenomenon, in Ap-
pendix, we discuss relation of greatest common divisors and plane curve singualrities.
Let C ⊂ P2k be an irreducible plane curve of degree d and let m be the multiplicity of
C at O = (0 : 0 : 1). Let hO be a height function of O regarded as a closed reduced
subscheme of P2k and h be the standard height of P
2
k. From the functoliality of height
functions and a small computation of resolution of singularities, we observe that when
restricted to C(k), hO approximates
m
d
h. Combining it with Silverman’s interpretation
of greatest common divisors in terms of heights, we obtain a not deep but amusing fact
that if k = Q, then the greatest common divisor gcd(x, y) for (x, y) ∈ C ∩A2Q, x, y ∈ Z,
approximates max{|x|, |y|}m/d (for a more general and precise statement, see Corollary
A.7).
Throughout the paper, we fix a number field k. A variety means a separated reduced
scheme of pure dimension and finite type over k. We suppose that every morphism of
varieties is a morphism of k-schemes.
The author would like to thank Katsutoshi Yamanoi for helpful discussion, which in
particular led the author to Conjecture 1.1, and Yu Yasufuku for useful information.
2. Singularities of log pairs
In this section, we recall the notion of log pairs in a slightly generalized context and
basics of their singularities.
Definition 2.1. A variety X is is said to be Q-Gorenstein if
(1) X satisfies Serre’s condition S2,
(2) X is Gorenstein in codimension one, and
(3) a canonical divisor KX is Q-Cartier.
Note that this definition of Q-Gorenstein is more general than the usual one in the
sense that we do not assume that X is normal. (However, if he prefers, the reader may
safely assume that X is normal.) These conditions appear in the definition of “pair” in
[Kol13, Def. 1.5] and the one of semi-log canonical singularities in [HK10, p. 35]. From
the first two conditions, which are automatic if X is normal, a canonical divisor KX
exists, is unique up to linear equivalence and is Cartier in codimension one. Therefore
the last condition makes sense and is equivalent to that for some m ∈ Z>0, the reflexive
power ω
[m]
X := (ω
⊗m
X )
∗∗ of the canonical sheaf ωX is invertible.
For a Q-Gorenstein variety X and a proper birational morphism f : Y → X of
varieties with Y normal, the pull-back f ∗KX is defined as a Q-Cartier Q-Weil divisor
of Y .
Definition 2.2. A Q-subscheme of a variety X is a formal linear combination D =∑n
i=1 ciDi of proper closed subschemes Di ( X with ci ∈ Q. Following the terminology
for divisors, we say that a Q-subscheme D =
∑n
i=1 ciDi is effective if every ci is non-
negative; then we write D ≥ 0. The support of D, denoted Supp(D), is defined to be
the closed subset (
⋃
ci 6=0Di)red and denoted by Supp(D).
A log pair is the pair (X,D) of a Q-Gorenstein variety X and a Q-subscheme D of
X . We say that a log pair (X,D) is effective if D is effective. We say that a log pair
(X,D) is projective if X is projective.
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When D = 0, we usually omit D from the notation and identify the log pair (X, 0)
with the variety X . For instance, the discrepancy discrep(X,D) defined below will be
written also as discrep(X) when D = 0.
Remark 2.3. If X is a normal Q-Gorenstein variety and D is a Q-Cartier Q-Weil divisor,
then D is written as a Q-linear combination
∑n
i=1 biEi of effective Cartier divisors Ei;
this allows us to regard the pair (X,D) as a log pair in the sense defined above.
Definition. A resolution of a variety X is a proper birational morphism f : Y → X
such that Y is smooth over k. Let (X,D =
∑n
i=1 ciDi) be a log pair. A log resolution
of (X,D) is a resolution f : Y → X of X such that
(1) for every i, the scheme-theoretic preimage f−1(Di) is a Cartier divisor (that is,
if IDi is the defining ideal sheaf of Di, then the pull-back f
−1IDi as an ideal
sheaf is locally principal),
(2) if we denote by Exc(f) the exceptional set of f , then Exc(f) ∪
⋃n
i=1 f
−1(Di)red
is a simple normal crossing divisor.
From Hironaka’s theorem, any variety has a resolution and any log pair has a log
resolution.
Definition 2.4. For a Q-Gorenstein variety and a resolution f : Y → X of X , the
relative canonical divisor KY/X of Y over X is defined as a Q-divisor of Y supported
in Exc(f) as follows. If m is a positive integer suh that ω
[m]
X is invertible, then the
natural morphism f ∗ω
[n]
X → ω
⊗n
Y is injective and its image is written as ω
⊗n
Y (∆) for
some (Z-)divisor ∆. We then define
KY/X := −
1
n
∆.
For a log pair (X,D) and a log resolution f : Y → X of it, we define the relative
canonical divisor KY/(X,D) of Y over (X,D) as the Q-divisor KY/X − f ∗D. Here, if
we write D =
∑l
i=1 ciDi, then we define the pull-back f
∗D as
∑l
i=1 cif
−1Di, which is a
Q-divisor. Let us write
KY/(X,D) =
∑
F
aF · F,
F running over the prime divisors of Y . We call aF the discrepancy of F with respect
to (X,D) and write it as a(F ;X,D).
Definition 2.5. Let X be a variety. A divisor over X is a prime divisor F on Y for
a resolution f : Y → X . We say that such an F is called exceptional if f is not an
isomorphism at the generic point of F .
Let (X,D) be a log pair. We define the discrepancy of (X,D) by
discrep(X,D) := inf{a(F ;X,D) | F is an exceptional divisor over X}.
and the total discrepancy of (X,D) by
totaldiscrep(X,D) := inf{a(F ;X,D) | F is a divisor over X}.
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We are mainly interested in the total discrepancy rather than the discrepancy. It is
easy to see that for a log resolution f : Y → X of a log pair (X,D), we have
(2.1) totaldiscrep(Y,−KY/(X,D)) = totaldiscrep(X,D).
Lemma 2.6. We have either
totaldiscrep(X,D) = −∞
or
−1 ≤ totaldiscrep(X,D) ≤ 0.
Proof. Firstly, since a general prime divisor has zero discrepancy, we have
totaldiscrep(X,D) ≤ 0.
The lemma is well known in the case where X is normal (see [KM98, Cor. 2.31]). The
general case follows from (2.1). 
We can now define three classes of singularities of log pairs as follows:
Definition 2.7. We say that (X,D) is strongly canonical (resp. Kawamata log termi-
nal, log canonical) if
totaldiscrep(X,D) ≥ 0 (resp. > −1, ≥ −1).
We say that X is canonical (resp. log terminal, log canonical) if (X, 0) is strongly
canonical (resp. Kawamata log terminal, log canonical).
Remark 2.8. The author does not know whether the notion of strongly canonical has
been ever considered, while the other notions are quite standard. This notion is nec-
essary for our reformulation of Vojta’s conjecture. A log pair (X,D) is said to be
canonical if discrep(X,D) ≥ 0; this is standard, but we do not use it in this paper.
When D = 0, strongly canonical and canonical are equivalent notions.
Remark 2.9. When X is normal and Q-Gorenstein and D is a Q-Cartier Q-Weil divisor,
then for a log pair (X,D) being strongly canonical (resp. Kawamata log terminal, log
canonical), the multiplicity of every prime divisor in D needs to be ≤ 0 (resp. < 1,
≤ 1).
The definition of total discrepancy uses all divisors over a given variety X . However
the following lemma allows us to compute it in terms of a single log resolution.
Lemma 2.10. Let X be a smooth variety and let D =
∑l
i=1 ciFi be a Q-divisor of X
such that ci ∈ Q, Fi are prime divisors and
⋃l
i=1 Fi is a simple normal crossing divisor.
Then (X,D) is strongly canonical (resp. Kawamata log terminal, log canonical) if and
only if ci ≤ 0 (resp. < 1, ≤ 1) for every i.
Proof. If ci = −a(Fi;X,D) > 1 for some i, then totaldiscrep(X,D) < −1 and (X,D)
is not log canonical. Otherwise, from [Kol13, Cor. 2.11],
discrep(X,D) = min{1,min
i
{1− ci}, min
Fi∩Fj 6=∅
{1− ci − cj}}.
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The lemma follows from
totaldiscrep(X,D) = min{0, min
i
{−ci}, discrep(X,D)}.

The above notions of singularities are local; (X,D) is strongly canonical (resp. Kawa-
mata log terminal, log canonical) if and only if every point x ∈ X has an open neigh-
borhood U ⊂ X such that (U,D|U) is so.
Definition 2.11. Let (X,D) be a log pair. The non-sc locus (resp. non-lc locus)
of (X,D) is the smallest closed subset W ⊂ X such that (X \W,D|X\W ) is strongly
canonical (resp. Kawamata log terminal, log canonical). We write it as NonSC(X,D)
(resp. NonKLT(X,D), NonLC(X,D)). We call the non-sc locus NonSC(X, 0) of the
log pair (X, 0) also as the non-canonical locus of X and denote it by NonC(X).
Clearly
NonLC(X,D) ⊂ NonKLT(X,D) ⊂ NonSC(X,D).
Lemma 2.12. Let f : Y → X be a log resolution of (X,D). Then
NonSC(X,D) =
⋃
F⊂Y :a(F ;X,D)<0
f(F ),
NonKLT(X,D) =
⋃
F⊂Y :a(F ;X,D)≤−1
f(F )
NonLC(X,D) =
⋃
F⊂Y :a(F ;X,D)<−1
f(F ),
in each of which F runs over the prime divisors of Y satisfying the indicated inequality.
Proof. This is a direct consequence of Lemma 2.10. 
3. Multiplier-like ideal sheaves
In this section, we define two variants of multiplier ideals and study their basic
properties.
For an effective log pair (X,D) with X normal, the multiplier ideal sheaf J (X,D)
is usually defined to be f∗OY (⌈KY/(X,D)⌉) for a log resolution f : Y → X of (X,D) (see
[Laz04, Def. 9.3.56]). Here ⌈·⌉ denotes the round up, while ⌊·⌋ used below denotes the
round down. When X is not normal, f∗OY (⌈KY/(X,D)⌉) is no longer an ideal sheaf. To
handle this trouble, we replace f∗ with f♣ defined as follows:
Definition 3.1. For a proper birational morphism f : Y → X of varieties and a divisor
E of Y , we define f♣OY (E) as the largest ideal sheaf I ⊂ OX such that the ideal pull-
back f−1I is contained in OY (E) as an OY -submodule of the sheaf of total quotient
rings.
We then generalize the multiplier ideal sheaf to the non-normal case as follows:
Definition 3.2. Let (X,D) be an effective log pair and f : Y → X a log resolution of
it. The multiplier ideal sheaf J (X,D) is defined to be f♣OY (⌈KY/(X,D)⌉).
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We will define two variants H(X,D) and I(X,D) of the multiplier ideal to formulate
a generalization of Vojta’s conjecture for log pairs. We first define H(X,D).
Lemma 3.3. Let X be a smooth variety, E a (not necessarily effective) Q-divisor and
f : Y → X a proper birational morphism. Then
f∗OY (
ö
KY/X + f
∗E
ù
) = OX(⌊E⌋).
Proof. First suppose that ⌊E⌋ = 0. To show the lemma in this case, it suffices to show
that
ö
KY/X + f
∗E
ù
is an effective divisor supported in Exc(f). Since KY/X and E are
effective, so is
ö
KY/X + f
∗E
ù
. On the locus where f is an isomorphism, the two divisorsö
KY/X + f
∗E
ù
and ⌊E⌋ coincide, the latter being zero by the assumption. This proves
the lemma in this case.
For the general case, we write {E} := E − ⌊E⌋. Obviously, ⌊{E}⌋ = 0. From the
projection formula and the case considered above, we have
f∗OY (
ö
KY/X + f
∗E
ù
) = f∗OY (
ö
KY/X + f
∗{E}
ù
+ f ∗⌊E⌋)
= f∗
Ä
OY (
ö
KY/X + f
∗{E}
ù
)⊗OY f
∗OX(⌊E⌋)
ä
= OX ⊗OX OX(⌊E⌋)
= OX(⌊E⌋).
We have completed the proof. 
Proposition 3.4. Let (X,D) be an effective log pair and f : Y → X a log resolu-
tion of (X,D). Then f♣OY
Ä
⌊KY/(X,D)⌋
ä
is an ideal sheaf contained in J (X,D) and
independent of f .
Proof. Since
ö
KY/(X,D)
ù
≤
†
KY/(X,D)
£
, we have
OY (⌊KY/(X,D)⌋) ⊂ OY (⌈KY/(X,D)⌉).
Applying f♣, we obtain the first assertion.
To show the second assertion, we consider another log resolution f ′ : Y ′ → X of
(X,D). Without loss of generality, we may suppose that f ′ factors as f ◦ g with a
morphism g : Y ′ → Y . Then
KY ′/(X,D) = KY ′/Y + g
∗KY/(X,D).
From the above lemma,
f ′♣OY ′(⌊KY ′/(X,D)⌋) = f♣
Ä
g∗OY ′(⌊KY ′/Y + g
∗KY/(X,D)⌋)
ä
= f♣OY (⌊KY/(X,D)⌋).
We have proved the second assertion. 
Definition 3.5. For an effective log pair (X,D), we define an ideal sheaf H(X,D) on
X by
H(X,D) := f♣OY (⌊KY/(X,D)⌋)
for a log resolution f : Y → X of (X,D).
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Proposition 3.6. For an effective log pair (X,D) and a point x ∈ X, we have
H(X,D)x = OX,x if and only if (X,D) is strongly canonical around x. Equivalently,
the support of
Supp(OX/H(X,D)) = NonSC(X,D).
Proof. We write H(X,D) as H. We first show the “if” part. We suppose that (X,D)
is strongly canonical. Let f : Y → X be a log resolution of (X,D). By the definition of
strongly canonical, KY/(X,D) ≥ 0 and ⌊KY/(X,D)⌋ ≥ 0. By the definition of f♣, we have
H = f♣OY (⌊KY/(X,D)⌋) = OX .
Next we show the “only if” part. Suppose that (X,D) is not strongly canonical
around x. Then there exists a prime divisor F on Y such that x ∈ f(F ) and the
multiplicity of F in KY/(X,D) is negative. Therefore,
f−1OX = OY 6⊂ OY (⌊KY/(X,D)⌋).
This remains true even if we replace X with any open neighborhood of x. Agin by the
definition of f♣, Hx 66= OX,x. 
Corollary 3.7. Let (X,D) be an effective log pair. If (X,D) is log canonical, then
H(X,D) is the defining ideal sheaf of the closed subset NonSC(X,D).
Proof. Let N be the defining ideal of NonSC(X,D). From Proposition 3.6, we have
H ⊂ N . To see the opposite inclusion, let U ⊂ X be an open subset and g ∈
N (U). For a log resolution f : Y → X of (X,D), f ∗g vanishes along the closed set
f−1(NonSC(X,D)). The last set contains every prime divisor F on Y having a neg-
ative coefficient in ⌊KY/(X,D)⌋, which is equal to −1 since (X,D) is log canonical.
Therefore, f ∗g ∈ OY (⌊KY/(X,D)⌋)(f
−1U) and hence g ∈ H(U). Thus N ⊂ H, proving
the corollary. 
Next we will define the other variant, denoted by I(X,D), of the multiplier ideal.
Lemma 3.8. Let (X,D) be an effective log pair. Suppose that D is effective. There
exists a positive rational number ǫ0 such that for every ǫ ∈ (0, ǫ0] ∩Q,
J (X, (1− ǫ)D) = J (X, (1− ǫ0)D).
Proof. Let f : Y → X be a log resolution of (X,D). For a rational number ǫ > 0,
KY/(X,(1−ǫ)D) = KY/(X,D) + ǫf
∗D.
We choose so small ǫ0 > 0 that every coefficient of ǫ0f
∗D is smaller than the fractional
par {x} := x − ⌊x⌋ of any non-integral coefficient x of KY/(X,D). Then, for every
ǫ ∈ (0, ǫ0], †
KY/(X,(1−ǫ)D)
£
=
†
KY/(X,(1−ǫ0)D)
£
,
which shows the lemma. 
Definition 3.9. For an effective log pair (X,D), we define an ideal sheaf I(X,D) on
X as the multiplier ideal sheaf J (X, (1− ǫ)D) for a sufficiently small rational number
ǫ > 0.
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Remark 3.10. Let a ⊂ OX be the defining ideal sheaf of D. When X is smooth, then
the ideal I(X,D) was denoted by J −(a) in [Voj12] and Vojta used it in a generalization
of his own conjecture.
Multiplier-like ideal sheaves which we saw above satisfy the following inclusion rela-
tions,
H(X,D) ⊂ J (X,D) ⊂ I(X,D).
Proposition 3.11 (cf. [Laz04, Def. 9.3.9]). Let (X,D) be an effective log pair. Then
(3.1) NonLC(X,D) ⊂ Supp(OX/I(X,D)) ⊂ NonKLT(X,D).
Moreover, if X is log terminal outside Supp(D), then
(3.2) NonLC(X,D) = Supp(OX/I(X,D)).
Proof. Let f : Y → X be a log resolution of (X,D) and ǫ > 0 a sufficiently small
rational number. The closed subset defined by I(X,D) is expressed as
⋃
F⊂Y :multF (⌈KY/(X,D)+ǫf∗D⌉)<0
f(F ),
where multF (E) denotes the multiplicity of F in E, while NonKLT(X,D) and NonLC(X,D)
have similar expressions as in Lemma 2.12. We have the following implications among
conditions on a prime divisor F of Y ,
a(F ;X,D) < −1⇒ multF (⌈KY/(X,D) + ǫf
∗D⌉) < 0⇒ a(F ;X,D) ≤ −1.
This shows (3.1).
To show (3.2), it suffices to show
a(F ;X,D) ≥ −1⇒ multF (⌈KY/(X,D) + ǫf
∗D⌉) ≥ 0.
We consider the case a(F ;X,D) > −1 and the case a(F ;X,D) = −1 separately. In
the former, we obviously have multF (⌈KY/(X,D) + ǫf ∗D⌉) ≥ 0. In the latter, since X is
log terminal outside Supp(D), F is contained in Supp(f ∗D). Hence multF (KY/(X,D) +
ǫf ∗D) > −1 and multF (
†
KY/(X,D) + ǫf
∗D
£
) ≥ 0. This completes the proof. 
4. Weil functions
In this section, we summerize basic properties of Weil functions (local height func-
tions) of arbitrary closed subschemes, and define associated heigh functions, counting
functions and proximity functions.
We denote by Mk the set of places of k. In what follows, we fix a finite set S ⊂ Mk
containing all infinite places. We also fix an algebraic closure k¯ of k.
Let X be a projective variety. To an ideal sheaf a ⊂ OX , we associate a Weil function
λa : X(k¯)×Mk → [0,+∞],
following [Sil87], which is unique up to addition of Mk-bounded functions. If Z is the
closed subscheme defined by an ideal sheaf a, then we write λa also as λZ . If Z is a
Cartier divisor (that is, a is locally principal), then it is the usual Weil function for an
effective Cartier divisor.
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There are several ways to normalize Weil functions. We follow the one adopted in
[Voj11, Def. 8.6]. Namely, for v ∈ Mk, if p is the place of Q under v, then we denote
by ‖ · ‖v the norm on k¯ extending the one on k defined by
‖a‖v := | · |
[kv:Qp]
p ,
where | · |p denotes the usual p-adic absolute value and kv denotes the v-adic completion
of k. When a Cartier divisor D is locally defined by a rational function f , then a Weil
function λD of D should be locally of the form
λD(x, v) = − log ‖f(x)‖v + α(x)
for a continuous locally Mk-bounded function α.
Basic properties of Weil functions are as follows; in this proposition, comparison
(equality or inequality) of Weil functions are made up to addition of Mk-bounded func-
tions:
Proposition 4.1 ([Sil87, Th. 2.1]). (1) For a morphism f : Y → X of varieties
and a closed subvariety, we have
λZ ◦ f = λf−1Z .
(2) For Z ⊂ Z ′ ⊂ X,
λZ ≤ λZ′.
(3) For closed subvarieties Z,Z ′ ⊂ X,
λZ+Z′ = λZ + λZ′.
Here, if Z and Z ′ are defined by ideal sheaves a and a′ respectively, then Z +Z ′
is the closed subscheme defined by the product aa′.
(4) For closed subvarieties Z,Z ′ ⊂ X,
λZ∩Z′ = min{λZ + λZ′}.
Here, if Z and Z ′ are defined by ideal sheaves a and a′ respectively, then Z ∩Z ′
is the closed subscheme defined by the sum a+ a′.
For later use, we need the following explicit description of a Weil function in a special
case:
Proposition 4.2 (cf. [Voj11, Th. 8.8, (c)], [HS00, Ex. B.8.4]). Let X = Pnk be a
projective space of dimension n with homogeneous coordinates x0, . . . , xn and D the
Cartier divisor defined by a homogeneous polynomial f ∈ k[x0, . . . , xn] of degree d.
Then the function
λDi((x0 : · · · : xn), v) := − log
‖f(x0, . . . , xn)‖v
max{‖x0‖v, . . . , ‖xn‖v}d
is a Weil function with respect to D.
For v ∈ Mk and x ∈ X(k¯), we write
λa,v(x) := λa(x, v).
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For a finite extension L/k and a place w of L, if v ∈Mk is the place under w, then we
define
λa,w(x) := [Lw : kv] · λa,v(x).
Definition 4.3. We define the height function ha, the counting function Na and the
proximity function ma on X(k¯) relative to λ and k as follows. For x ∈ X(k¯), we denote
by k(x) its residue field. Let L/k be a finite extension containing k(x) and let T ⊂ML
be the set of places over places in S. Then,
ha(x) :=
1
[L : k]
∑
w∈ML
λa,w(x),
Na(x) :=
1
[L : k]
∑
w∈ML\T
λa,w(x),
ma(x) :=
1
[L : k]
∑
w∈T
λa,w(x).
When Z is the closed subscheme defined by a, we write these also as hZ , NZ , mZ re-
spectively.
These definitions are independent of the choice of such a field L. Obviously ha =
Na +ma. Note that counting and proximity functions depend on the choice of S, and
their symbols are often accompanied with the subscript S, which we however omit.
That λZ,w(x) is large means that the point x is w-adically close to Z. Thus the
function hZ (resp. NZ , mZ) expresses total closeness all over the places w in ML (resp.
ML \ T , T ).
Definition 4.4. If Z =
∑
i ciZi is a Q-subscheme, then we define
hZ :=
∑
i
cihZi, NZ :=
∑
i
ciNZi, mZ :=
∑
i
cimZi
as functions on (X \ Supp(Z))(k¯).
For a (not necessarily effective) Cartier divisor D, the height function hD on (X \
Supp(D))(k¯) defined as above extends to the whole set X(k¯) and defines a unique func-
tion hD up to addition of bounded functions. The function class hD modulo bounded
functions depends only on the linear equivalence class of D. Furthermore, we can easily
generalize this to Q-Cartier Q-Weil divisors; if D is a Q-Cartier Q-Weil divisor and if
n is a positive integer such that nD is Cartier, then a height functioon hD is defined
as 1
n
hnD. In particular, for a Q-Gorenstein variety X , we can define a height function
hKX of a canonical divisor KX .
Definition 4.5. For an effective projective log pair (X,D), we define hK(X,D) as
hK(X,D) := hKX + hD : X(k¯)→ (−∞,+∞].
When D is a Q-Cartier Q-Weil divisor, then hK(X,D) is a height function of KX +D,
which is considered as a “canonical divisor” of (X,D), hence the notation hK(X,D).
We need one more definition to formulate Vojta’s conjecture.
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Definition 4.6. For a number field F , let DF ∈ Z denote the absolute discriminant of
F . For a finite extension L/k, we define its logarithmic discriminant dk(L) by
dk(L) :=
1
[L : k]
log |DL| − log |Dk|.
For a point x ∈ X(k¯) of a k-variety X , we define its logarithmic discriminant by
dk(x) := dk(k(x)).
5. A generalization of Vojta’s conjecture to log pairs
The original form of Vojta’s conjecture for algebraic points is as follows:
Conjecture 5.1. Let X be a smooth complete variety, A a big divisor of X and D
a reduced simple normal crossing divisor of X. Let r be a positive integer and ǫ a
positive real number. Then there exists a proper closed subset Z ⊂ X depending only
on X,D,A, ǫ such that for all x ∈ (X \ Z)(k¯) with [k(x) : k] ≤ r, we have
(5.1) hKX(x) +mD(x) ≤ dk(x) + ǫhA(x) +O(1).
If we set r = 1 in this conjecture, then dk(x) is always zero and can be removed
from the inequality. The conjecture in this case is called Vojta’s conjecture for rational
points.
Using log pairs and multiplier-like ideals introduced in Section 3, we formulate a
generalization of this conjecture as follows:
Conjecture 5.2. Let (X,D) be an effective projective log pair, A a big divisor of X.
Let r be a positive integer and ǫ a positive real number. Then there exists a proper
closed subset Z ⊂ X depending only on X,D,A, ǫ such that for all x ∈ (X \Z)(k¯) with
[k(x) : k] ≤ r, we have
(5.2) hK(X,D)(x)−NH(X,D)(x)−mI(X,D)(x) ≤ dk(x) + ǫhA(x) +O(1).
We can view the left hand side of the above inequality as follows. The main term
is hK(X,D)(x) and the other two terms are correction terms arising from singularities
of (X,D). Indeed, from Proposition 3.6, the term −NH(X,D)(x) can be thought of as
contribution of the non-sc locus NonSC(X,D). From Proposition 3.11, −mI(X,D)(x)
can be thought of as contribution of NonKLT(X,D) (and also one of NonLC(X,D) if
X is log terminal outside Supp(D)).
Example 5.3. If (X,D) is Kawamata log terminal or if (X,D) is log canonical and X
is log terminal outside Supp(D), then from Proposition 3.11, we can remove the term
−mI(X,D)(x). From Corollary 3.7, if we give the reduced scheme structure to the non-sc
locus NonSC(X,D), then.
NH(X,D)(x) = NNonSC(X,D)(x).
Thus inequality (5.2) is written as
(5.3) hK(X,D)(x)−NNonSC(X,D)(x) ≤ dk(x) + ǫhA(x) +O(1).
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Example 5.4. Let X be a smooth projective variety and D a reduced simple normal
crossing divisor on X . Then NonSC(X,D) = Supp(D) and the left hand side of (5.2)
is equal to
hK(X,D)(x)−ND(x) = hKX +mD.
Thus Conjecture 5.2 is the same as Conjecture 5.1 in this situation.
Let Y ⊂ X be a smooth closed subscheme of codimension r whith transversally
intersects D. Let us next consdier the log pair (X,D + (r − 1)Y ). Looking at the
blowup of X along Y , we can see that this log pair is log canonical and
NonSC(X,D + (r − 1)Y ) = Supp(D).
Therefore (5.3) in this case becomes
hKX (x) + hD(x) + (r − 1)hY (x)−ND(x) ≤ dk(x) + ǫhA(x) +O(1).
When D is linearly equivalent to −KX , then this is written also as
(5.4) hY (x) ≤
1
r − 1
(dk(x) + ǫhA(x) +ND(x)) +O(1).
This slightly refines Silverman’s result [Sil05, Th. 6], which was stated in relation to
a problem of bounding greatest common divisors, by removing δǫ appearing there (cf.
Appendix).
Although Conjecture 5.2 is more general than Conjecture 5.1, they are in fact equiv-
alent:
Proposition 5.5. Let (X,D) be an effective projective log pair and f : Y → X a log
resolution of (X,D). Suppose that Conjecture 5.1 holds for Y and the reduced simple
normal crossing divisor
⌈KY/(X,D) + ǫf
∗D⌉ − ⌊KY/(X,D)⌋
for 0 < ǫ ≪ 1. Then Conjecture 5.2 holds for (X,D). In particular, Conjectures 5.1
and 5.2 are equivalent.
Proof. The proof here is similar to the one of Vojta’s similar result [Voj12, Prop. 4.3].
By definition,
f−1H(X,D) ⊂ OY (⌊KY/(X,D)⌋)
and for 0 < ǫ≪ 1,
f−1I(X,D) ⊂ OY (⌈KY/(X,D) + ǫf
∗D⌉).
These imply
NH(X,D) ◦ f ≥ N−⌊KY/(X,D)⌋,
mI(X,D) ◦ f ≥ m−⌈KY/(X,D)+ǫf∗D⌉.
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We have
(hK(X,D) −NH(X,D) −mI(X,D)) ◦ f
≤ hKY − hKY/(X,D) −N−⌊KY/(X,D)⌋ −m−⌈KY/(X,D)+ǫf∗D⌉
≤ hKY + h−⌊KY/(X,D)⌋ −N−⌊KY/(X,D)⌋ −m−⌈KY/(X,D)+ǫf∗D⌉
= hKY +m⌈KY/(X,D)+ǫf∗D⌉−⌊KY/(X,D)⌋.
To show the first assertion of the proposition, it suffices to recall that for a big divisor
A on X , f ∗A is also big. The second assertion is now obvious. 
Remark 5.6. If X is smooth and D ( X is a genuine closed subscheme, then −mI(X,D)
is the same correction term as the one used in [Voj12] (see Remark 3.10). In this case,
for a log resolution f : Y → X of (X,D), KY/(X,D) = KY/X−f
−1D is a Z-divisor. Since
KY/X ≥ 0,
H(X,D) = f∗OY (KY/X − f
−1D) ⊃ f∗OY (f
−1D) ⊃ ID,
where ID is the defining ideal sheaf of D. Therefore,
hK(X,D) −NH(X,D) −mI(X,D) ≥ hKX + hD −ND −mI(X,D) = hKX +mD −mI(X,D).
It follows that for such a pair (X,D), Conjecture 5.2 is slightly stronger than Conjecture
4.2 of [Voj12] except that Vojta considers more general base fields as well as non-
projective complete varieties.
Since Conjecture 5.1 is known to hold if dimX = 1 and r = 1 (for instances, see
[BG06, Rem. 14.3.5] or [Voj92]),1 Proposition 5.5 implies:
Corollary 5.7. Suppose that X has dimension one. If we set r = 1, then Conjecture
5.2 holds.
6. Log pairs of general type
In this section, we specialize Vojta’s conjecture to log pairs (X,D) of general type
and derive geometric consequences about potentially dense subvarieties.
Definition 6.1. A variety X over k is said to be potentially dense if for some finite
extension L/k, X(L) is Zariski dense in X .
For instance, an irreducible curve which is birational over k¯ to either P1 or an elliptic
curve is potentially dense. More generally, the image of a rational map G 99K X of a
group variety G is potentially dense; this follows from the facts that every connected
group variety is an extension of an abelian variety by a connected linear algebraic group
(see [Con02]), that every abelian variety is potentially dense [Has03, Prop. 4.2] and
that every linear algebraic group is unirational, in particular, it has the Zariski dense
set of rational points over any number field [Bor91, Th. 18.2 and Cor. 18.3]. Lang
[Lan91, p. 17] conjectured that for a smooth variety X of general type (that is, KX
is big), there exists a proper closed subset Z ( X such that every potentially dense
subvariety Y ⊂ X is contained in Z. This conjecture follows from Vojta’s conjecture
5.1. We can generalize it a little to varieties with canonical singularities as follows:
1It is said that Shinichi Mochizuki [Moc] announced a proof of Conjecture 5.1 for an arbitrary r in
August, 2012 and it is now under a process of verification.
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Proposition 6.2. Suppose that Conjecture 5.1 holds. Let X be a Q-Gorenstein canon-
ical projective variety such that KX is big. Then there exists a proper closed subset
Z ( X such that every potentially dense subvariety Y ⊂ X is contained in Z.
Proof. Let Z ⊂ X be a proper closed subset as in Conjecture 5.1 applied to D = 0 and
A = KX . For any fixed finite extension L/k and for all x ∈ (X \ Z)(L), we have
(1− ǫ)hA(x) ≤ O(1).
It follows that hA is bounded from above on (X \ Z)(L). Since A is big, for any ample
divisor A′, there exists a constant C > 0 such that
hA′(x) ≤ ChA(x) +O(1)
for all x ∈ X(k¯). Therefore hA′ is also bounded from above on (X \ Z)(L). From
Northcott’s theorem, (X \ Z)(L) is a finite set, which shows the proposition. 
It would be natural to ask what is expected for log pairs (X,D) withK(X,D) = KX+D
big. First we make clear the meaning of “KX +D is big”.
Definition 6.3. A Q-subscheme D of a projective variety X is big if for a log resolution
f : Y → X of (X,D), the Q-diviosr f ∗D is big. We say that a projective log pair (X,D)
is of general type if for some (hence every) expression of KX as a Q-subscheme, KX+D
is big.
Proposition 6.4. Let (X,D) be an effective projective log pair of general type, let A
be a big divisor on X. Suppose that Conjecture 5.1 holds. Then there exists a proper
closed subset Z ⊂ X and a constant C > 0 such that for every x ∈ (X \ Z)(k),
hA(x) ≤ ChNonSC(X,D)(x) +O(1).
Furthermore, if (X,D) is log canonical, then hNonSC(X,D)(x) in the above inequality can
be replaced with NNonSC(X,D)(x).
Proof. From the assumption and Proposition 5.5, Conjecture 5.2 holds. Applying it to
(X,D), the given divisor A′ and r = 1, we obtain the inequality
(6.1) hK(X,D)(x)− ǫhA′(x) ≤ NH(X,D)(x) +mI(X,D)(x) +O(1)
holding for all x ∈ (X \W )(k) for a proper closed subset W . For 0 < ǫ≪ 1, we have
(6.2) 2ǫhA′(x) ≤ hK(X,D)(x) +O(1)
for x ∈ (X \ Supp(D))(k).
If (X,D) is log canonical, then mI(X,D)(x) = 0. In the general case, since H(X,D) ⊂
I(X,D), we have
NH(X,D)(x) +mI(X,D)(x) ≤ NH(X,D)(x) +mH(X,D)(x) = hH(X,D)(x).
For an integer C ≫ 0, the C-th powerH(X,D)C ofH(X,D) is contained in the defining
ideal sheaf of the closed subset NonSC(X,D), and
(6.3) NH(X,D) ≤ CNNonSC(X,D) and hH(X,D) ≤ ChNonSC(X,D).
Combining (6.1), (6.2) and (6.3), we obtain the proposition. 
VOJTA’S CONJECTURE FOR SINGULAR VARIETIES 16
We may interpret this result as that most rational points lie near NonSC(X,D),
which sounds a little surprising, in particular, if NonSC(X,D) has codimension ≥ 2.
Corollary 6.5. Let (X,D) be an effective log pair of general type. Suppose that Con-
jecture 5.1 holds. Then there exists a proper closed subset Z ⊂ X such that for every
potentially dense closed subvariety Y ⊂ X, either Y is contained in Z, or Y intersects
NonSC(X,D).
Proof. Let Z ⊂ X be a closed subvariety as in Proposition 6.4. To obtain a contra-
diction, supppose that there exists a potentially dense closed subvariety Y ⊂ X such
that Y ∩NonSC(X,D) = ∅ and Y 6⊂ Z. If necessary enlarging k, we may suppose that
Y (k) is Zariski dense in Y . From the lemma below, the height function hNonSC(X,D)
is bounded on Y (k). On the other hand, from Proposition 6.4 and Northcott’s the-
orem, the same function cannot be bounded on Y (k), a contradition. The corollary
follows. 
Lemma 6.6. Let X be a projective variety and C,D ⊂ X proper closed subschemes
with C ∩ D = ∅. Let hD : X(k) → R ∪ {∞} be a height function of D. Then its
restriction hD|C(k) is a bounded function.
Proof. From the functoriality of the Weil function, hD|C(k) is a height function of D∩C
as a closed subscheme of C. In our situation, it is empty and any height function of it
is bounded. 
In Section 7, we construct rational projective surfaces of general type. If we restrict
ourselves to smooth projective varieties, being rational and being of general type are
completely opposite properties and cannot hold at the same time. However, they can
be compatible with each other for singular varieties.
Definition 6.7. An irreducible variety X over k¯ is said to be rationally connected if
general two points x, y ∈ X are connected by a rational curve.
Rational varieties are rationally connected. The next proposition shows that the
assertions of Proposition 6.4 and Corollary 6.5 never hold if X is rationally connected
and NonSC(X,D) is replaced with a smooth closed subset of codimension ≥ 2 which
is contained in the smooth locus of X .
Proposition 6.8. Let X be a rationally connected projective variety over k¯, let Z ( X
be a proper closed subset and let W ⊂ X be a smooth closed subvariety of codimension
≥ 2 with W ⊂ Xsm. Then there exists a rational curve C ⊂ X such that C 66⊂ Z and
C ∩W = ∅.
Proof. Taking a resolution, we may suppose that X is smooth. Let x ∈ X(k¯) be a point
outside Z ∪W . By [KMM92, 2.1], there exists a morphism
f : P1 → X
such that
(1) f is an immersion in the sense that for every closed point p ∈ P1, TpP1 → Tf(p)X
is injective,
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(2) x ∈ f(P1),
(3) f ∗TX is ample.
Since
Ext1(f ∗ΩX ,OP1) = H
1(P1, f ∗TX) = 0,
from [Kol96, Ch. I, Th. 2.16], the moduli space of morphisms P1 → X , Hom(P1, X),
is smooth at [f ] and the tangent space T[f ]Hom(P
1, Y ) is identified with H0(P1, f ∗TY ).
Let B := f−1W . If B is empty, then f(P1) is a desired rational curve. Otherwise,
there exists a subvariety V ⊂ H0(P1, f ∗TX) of dimension dimX − 1 such that for every
b ∈ B, the image of V in Tf(b)X is transversal to the image of TbP1. We take a smooth
irreducible subvariety W ⊂ Hom(P1, Y ) of dimension dimX − 1 passing through [f ]
such that T[f ]W = V . The induced morphism
G : P1 ×W → Y
is then an immersion around B×{[g]}. Therefore G−1W has codimension ≥ 2 in P1×W
around P1×{[g]}. This shows that G−1W does not surject onto W . We conclude from
this that for a general point [h] ∈ V , the image of h : P1 → X does not intersect W .
Similarly, G−1Z has codimension ≥ 1. Hence, for a general point [h] ∈ V , the fiber
P1 × {[h]} is not contained in G−1Z. This means that the image of h : P1 → Y is not
containd in Z. Thus, for a general [h] ∈ W , h(P1) is a rational curve satisfying the
desired condition. 
Example 6.9. The arguably easiest way to construct a rationally connected variety
of general type is to take the closure of the image of a morphism Ank → P
n+1
k . For an
irreducible polynomial f(x1, . . . , xn) of degree d, we consider a closed embedding
g : Ank → A
n+1
k , (x1, . . . , xn) 7→ (x1, . . . , xn, f(x1, . . . , xn)).
The closure X of g(Ank) in P
n+1
k is a hypersurface of degree d. Threfore X is Gorenstein
and rational. By the adjunction formula, if d ≥ n + 2, then X is also of general type.
However the author does not know what kind of singularities such an X would have.
In the next section, we will construct a rational surface of general type having only log
terminal singularities.
7. Rational surfaces of general type
In this section, we show the following proposition.
Proposition 7.1. Suppose that k contains a primitive n-th root for some n ≥ 5. Then
there exists a projective rational surface X having only log terminal singularities such
that KX is ample.
Proof. We construct such an X as the quotient of a Fermat hypersurface by a finite
group action. Let n ≥ 5 be an integer such that k contains a primitive n-th root ζ of
1. Consider the Fermat hypersurface of degree n,
F := V (xn0 + x
n
1 + x
n
2 + x
n
3 ) ⊂ P
3
k.
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This is a smooth irreducible projective surface. From the condition n ≥ 5 and the
adjunction formula, the canonical divisor KF is ample. Let G = 〈g〉 = Z/nZ be a
cyclic group of order n generated by an element g. We define a G-action on P3 by
g((x0 : x1 : x2 : x3)) = (ζx0 : ζx1 : x2 : x3).
Clearly F is preserved by the action. We see that the fixed point locus FG in F is
{x0 = x1 = x
n
2 + x
n
3 = 0} ∪ {x2 = x3 = x
n
0 + x
n
1 = 0},
which has dimesion zero and 2n points. Let X := F/G be the associated quotient
variety and π : F → X the natural morphism, which is e´tale in codimension one. Since
KF = π
∗KX and KF is ample, KX is also ample. The variety X has only quotient
singularities. As is well known, quotient singularities are log terminal (for instance, see
[Kol13, Cor. 2.43 or p. 103]).
It remains to show that X is rational. Consider the following locally closed subvariety
of A3k with coordinates x, y, z,
W =
®
xn + 1 6= 0, zn +
yn + 1
xn + 1
= 0
´
⊂ A3k,
and the morphism
φ : W → P3k
(x, y, z) 7→ (xz : z : y : 1).
We see that its image is contained in F ∩ {x3 6= 0}; we denote the induced morphism
W → F by ψ. The ring homomorphism associated to
W → A3k = {x3 6= 0}
is given by
α : k[u0, u1, u2]→
k
î
x, y, z, 1
xn+1
ó
¨
zn + y
n+1
xn+1
∂
u0 7→ xz
u1 7→ z
u2 7→ y.
Since the image of α together with k generates the function field of W as a field, the
morphism ψ : W → F is birational.
We define a G-action on W by
g : (x, y, z) 7→ (x, y, ζz).
Then ψ is G-equivariant. Taking quotients, we otain a morphism
ψ¯ : W/G→ X,
which is again birational. The variety W/G is naturally isomorphic to the open sub-
variety {xn + 1 6= 0} of A2k. In particular, it is rational. We conclude that X is also
rational. We have proved Proposition 7.1. 
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Remark 7.2. For a suitable local coordinates r, s around each point of FG, the group
action is given by
g(r, s) = (ζr, ζs) or (ζ−1r, ζ−1s).
Namely every singular point of X is the quotient singularity of type 1
n
(1, 1). It follows
that
totaldiscrep(X) = discrep(X) =
2
n
− 1 < 0
(for instance, see [Yas06, Cor. 6]). In particular, X is log terminal, but not canonical.
Furthermore, the singular locus of X coincides with the non-canonical locus NonC(X).
Remark 7.3. The above proposition shows the necessity of the correction term −NH(X,D)
in Conjecture 5.2. Indeed, for such an X , if we set D = 0, r = 1 and A = KX , then
inequality (5.2) is written as
(7.1) (1− ǫ)hKX (x)−NNonC(X)(x) ≤ O(1).
Since X is rational, the k-point set X(k) is Zariski dense. If there was no correction
term NNonC(X), this fact would contradicts Northcott’s theorem.
Remark 7.4. From Proposition 6.8, inequality (7.1) does not hold if we replace NonC(X)
with any collection of finitely many smooth points and if we replace k with some finite
extension of it.
Remark 7.5. From Corollary 6.5, if Vojta’s conjecture is true, then all but finitely many
irreducible curves on X ⊗k k¯ birational to P1 or an elliptic curve would pass through
one of the singular points of X .
Appendix A. Greatest common divisors and plane curves
Bugeaud, Corvaja and Zannier [BCZ03, CZ05] obtained an upper bound for gcd(a−
1, b − 1) for certain families of integer pairs (a, b). To explain their result in relation
to Vojta’s conjecture, Silverman [Sil05] observed that the greatest common divisor is
essentially a height function associated to a subscheme of codimension ≥ 2, although
he uses the blowup along the subscheme and a height function associated to the ex-
ceptional divisor instead (see also [Yas12, Yas11]). He then formulated a conjectural
generalization of the result of Bugeaud, Corvaja and Zannier. It was in this work that
a slightly weaker version of inequality (5.4) appeared.
In this Appendix, as an application of Silverman’s observation, we relate estimation
of gcd(a, b) for integer pairs (a, b) satisfying an algebraic equation with the multiplicity
of the corresponding plane curve at the origin. The only ingredients necessary to do so
is basic properties of heights and a simple analysis of resolution of curves.
Lemma A.1. Let Z ⊂ PnQ be the closed subscheme defined by the ideal 〈f1, . . . , fl〉 ⊂
Q[x0, . . . , xn] generated by homogenous polynomials f1, . . . , fl ∈ Z[x0, . . . , xn]. For a
point x ∈ PnQ(Q), we write x = (x0 : x1 : · · · : xn) in terms of integers xi with
gcd(x0, x1, . . . , xn) = 1 and define fi(x) := fi(x0, . . . , xn) ∈ Z. Then
NZ(x) := log gcd(f1(x), . . . , fl(x))
is a counting function of Z with respect to S = {∞}, and
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hZ(x) := log gcd(f1(x), . . . , fl(x))− max
1≤i≤l
log
|fi(x)|∞
max{|x0|∞, . . . , |xn|∞}deg fi
is a height function of Z.
Proof. We first note that for integers ai,
log gcd(a1, . . . , al) = −
∑
p∈MQ; p 6=∞
max
i
|ai|p.
From Propositions 4.1 and 4.2,
λZ,p(x) : = min
1≤i≤l
®
− log
|fi(x)|p
max{|x0|p, . . . , |xn|p}deg fi
´
(p ∈MQ)
is a Weil function of Z. For p 6=∞, since gcd(x0, . . . , xn) = 1, we have
max{|x0|p, . . . , |xn|p} = 1
and
λZ,p(x) = − logmax
i
|fi(x)|p.
We conclude that
NZ(x) : =
∑
p∈MQ; p 6=∞
λZ,p(x)
= −
∑
p∈MQ; p 6=∞
logmax
i
|fi(x)|p
= log gcd(f1(x), . . . , fl(x))
is a counting function of Z and
hZ(x) := NZ(x) + λZ,∞(x)
= log gcd(f1(x), . . . , fl(x))− max
1≤i≤l
log
|fi(x)|∞
max{|x0|∞, . . . , |xn|∞}deg fi
is a height function of Z. 
Example A.2. For l < n, let Z be the linear subspace defined by
x0 = x1 = · · · = xl = 0.
Then
NZ(x) = log gcd(x0, . . . , xl)
is a counting function of Z. Since
max
0≤i≤l
|xi|∞
max{|x0|∞, . . . , |xn|∞}
=
max{|x0|∞, . . . , |xl|∞}
max{|x0|∞, . . . , |xn|∞}
= min
®
1,
max{|x0|∞, . . . , |xl|∞}
max{|xl+1|∞, . . . , |xn|∞}
´
,
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the function
hZ(x) = log gcd(x0, . . . , xl)− logmin
®
1,
max{|x0|∞, . . . , |xl|∞}
max{|xl+1|∞, . . . , |xn|∞}
´
is a height function of Z.
Lemma A.3. Let X be an irreducible projective variety of dimension one over a number
field k and π : X˜ → X the normalization. Let Z ⊂ X be a proper closed subscheme and
l ∈ Z the degree of the scheme-theoretic pull-back π−1Z naturally regarded as a divisor.
Let D be a divisor of X of degree l supported in the smooth locus of X. Then, for every
ǫ > 0, their exist constants C1, C2 > 0 such that for all x ∈ (X \ Z)(k¯),
(A.1) (1− ǫ)hD(x)− C1 ≤ hZ(x) ≤ (1 + ǫ)hD(x) + C2.
Moreover, if X is rational (that is, birational to P1k), then
hZ(x) = hD(x) +O(1).
Proof. Let Z˜ := π−1Z and D˜ := π∗D. Since they are divisors of equal degree, height
functions hZ˜ and hD˜ are quasi-equivalent (see [Lan83, Cor. 3.5, Ch. 4]), hence so are hD
and hZ ; it exactly means (A.1). If X is rational, then Z˜ and D˜ are linearly equivalent.
Therefore hZ˜ and hD˜ differs only by a bounded function, and the same holds for hZ
and hD. 
Theorem A.4. Let X ⊂ P2k be an integral plane curve of degree d and let O := (0 : 0 :
1) ∈ P2k(k). Suppose that X has multiplicity m at O, that is, m is the largest integer
n such that IX,O ⊂ mnO, where IX ⊂ OP2k is the defining ideal sheaf of X, IX,O is its
stalk at O and mO is the maximal ideal of the local ring OP2
k
,O. Let h be the standard
logarithmic height on P2k given by
h((x : y : z)) =
∑
w∈ML
logmax{‖x‖w, ‖y‖w, ‖z‖w}
for so large finite extention L/k that x, y, z ∈ L. Then, for every ǫ > 0, their exist
constants C1, C2 > 0 such that for all x ∈ (X \ {O})(k¯),Åm
d
− ǫ
ã
h(x)− C1 ≤ hO(x) ≤
Åm
d
+ ǫ
ã
h(x) + C2.
Moreover, if X is rational, then
hO(x) =
m
d
h(x) +O(1).
Proof. The standard height h is a height function of a line in P2k. Take a general line L
which does not meet any singularity of X . We regard the closed point O as a reduced
scheme and apply Lemma A.3 to Z = O and D = L ∩ X . To see the assertion, we
need to show that m is equal to l as in Lemma A.3. Since these numbers are stable
under extension of the base field, we consider a plane curve germ Xˆ = Spec k¯[[x, y]]/〈f〉
defined over k¯. The multiplicity is then equal to the order of f . If Xˆi, i = 1, . . . , r, are
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the irreducible components of Xˆ and if mi and li are the numbers similarly defined for
Xˆi, then
m =
r∑
i=1
mi and l =
r∑
i=1
li.
Therefore, we may assume that Xˆ is irreducible. Then Xˆ ∼= Spec k¯[[g, h]], where
g, h ∈ k¯[[t]] are power series of distinct orders such that Spec k¯[[t]] → Xˆ is birational.
Now it is easy to see that
m = min{ord(g), ord(f)} = l.
We have completed the proof. 
Note that the theorem is valid even if O /∈ X ; then m = 0 and hO is bounded (Lemma
6.6). The theorem asserts that a singular point has more rational points around it more
than a smooth point does and that its extent is determined by the multiplicity, the most
fundamental invariant of plane curve singularities.
Remark A.5. Theorem A.4 is non-trivial only when X has infinitely many k-points; it
means from Faltings’ theorem that X has a geometric irreducible component birational
to P1 or an elliptic curve. If X is smooth, then this is possible only when d ≤ 3.
However, if we allow singularities, then there exist plane curves of arbitrary degree
having infinitely many k-points.
Specializing the theorem to the case k = Q and to Q-rational points, we obtain:
Corollary A.6. Let f(x, y) ∈ Q[x, y] be an irreducible polynomial and let d and m
be the degree and the order of f respectively. Then, for every ǫ > 0, their exist pos-
itive constants C1, C2 such that for all triplets (x, y, z) 6= (0, 0, 0), (0, 0, 1) of integers
satisfying gcd(x, y, z) = 1 and f(x, y, z) = 0, we have
(A.2)
Å
m
d
− ǫ
ã
logmax{|x|, |y|, |z|} − C1 ≤ log gcd(x, y)− logmin
®
1,
max{|x|, |y|}
|z|
´
≤
Åm
d
+ ǫ
ã
logmax{|x|, |y|, |z|}+ C2.
Moreover, if X is rational, then
log gcd(x, y)− logmin
®
1,
max{|x|, |y|}
|z|
´
=
m
d
logmax{|x|, |y|, |z|}+O(1).
Furthermore, excluding points close to the origin relative to the Euclidean topology,
we obtain the following simpler estimation.
Corollary A.7. With the same notation as above, for every ǫ, δ > 0, their exist pos-
itive constants C ′1, C
′
2 such that for all triplets (x, y, z) 6= (0, 0, 0), (0, 0, 1) of integers
satisfying gcd(x, y, z) = 1, f(x, y, z) = 0 and max{|x/z|, |y/z|} ≥ δ, we have
C ′1max{|x|, |y|}
m/d−ǫ ≤ gcd(x, y) ≤ C ′2max{|x|, |y|}
m/d+ǫ.
Moreover, if X is rational, then we can replace ǫ with zero.
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Proof. From the condition max{|x/z|, |y/z|} ≥ δ, the term
− logmin
®
1,
max{|x|, |y|}
|z|
´
in (A.2) is bounded and hence can be eliminated. If δ ≥ 1, then the condition
max{|x/z|, |y/z|} ≥ δ implies
logmax{|x|, |y|, |z|} − logmax{|x|, |y|} = 0.
If δ < 1, then
0 ≤ logmax{|x|, |y|, |z|} − logmax{|x|, |y|}
≤ − logmax{|x/z|, |y/z|} ≤ − log δ.
Therefore logmax{|x|, |y|, |z|} in (A.2) can be replaced with logmax{|x|, |y|}. Writing
the resulting inequalities mutliplicatively, we obtain the corollary. 
Note that the condition imposed in the last corollary on triplets (x, y, z) are satisfied
by (x, y, 1) for integer pairs (x, y) with f(x, y) = 0.
Example A.8. Let X ⊂ A2Q be the affine plane curve defined by x
d = ym for coprime
positive integers d,m with d > m. This curve is rational and has degree d and multi-
plicity m at O. An integral point p of X is of the form (am, ad) for an integer a. With
O = (0, 0), we have
gcd(am, ad) = |am| = max{|am|, |ad|}m/d.
Next consider the affine plane curve Y defined by (x+1)d = (y+1)m for the same d,m
as above. This is a translation of X . Note that Y contains O as a smooth point, namely
Y has multiplicity one at O. An integral point p of Y is of the form (am − 1, ad − 1)
for an integer a. We claim that for |a| > 1,
gcd(am − 1, ad − 1) = |a− 1|.
To show this, we need to show that
gcd(am−1 + am−1 + · · ·+ 1, ad−1 + ad−1 + · · ·+ 1) = 1,
which can be proved by induction and using the fact that
gcd(am−1 + am−1 + · · ·+ 1, ad−1 + ad−1 + · · ·+ 1)
= gcd(am−1 + am−1 + · · ·+ 1, a(d−m)−1 + a(d−m)−1 + · · ·+ 1).
From the claim,
gcd(am − 1, ad − 1) ∼ max{|am − 1|, |ad − 1|}1/d (|a| → ∞).
Finally consider the curve Z defined by xd = (y + 1)m. This curve does not pass
through the origin, equivalently it has multiplicity m = 0 at O. An integral point p of
Z is of the form (am, ad − 1) for an integer a. Clearly
gcd(am, ad − 1) = 1 = max{|am|, |ad − 1|}0/d.
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